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A New Algorithm for Linear and Nonlinear ARMA
Model Parameter Estimation Using Affine Geometry

Sheng Lu, Ki Hwan Ju, and Ki H. Chon*

Abstract—A linear and nonlinear autoregressive (AR) moving methods have been shown to be asymptotically equivalent to
average (MA) (ARMA) identification algorithm is developed for  the F-test by Soderstrom and Stoica, in a book [4] that reviews
modeling time series data. The new algorithm is based on the several order-estimation methods. Accordingly, many novel

concepts of affine geometry in which the salient feature of the . .
algorithm is to remove the linearly dependent ARMA vectors techniques have been developed to achieve even more accurate

from the pool of candidate ARMA vectors. For noiseless time ARMA model parameter estimates [5]-[10]. Korenberg has
series data witha priori incorrect model-order selection, computer developed a robust algorithm for difference equation modeling
simulations show that accurate linear and nonlinear ARMA model  pgsed on a fast orthogonal search (FOS) method [5], [6]. The
parameters can be obtained with the new algorithm. Many algo- . . ' .
rithms, including the fast orthogonal search (FOS) algorithm, are FOS, a}lgorlthm has been shown to be robust in rr.10$.t cases in
not able to obtain correct parameter estimates in every case, even Obtaining correct ARMA quel parameters d?SP'te Incorrect
with noiseless time series data, because their model-order searchnmodel-order selection. It relies on the sequential search proce-
criteria are suboptimal. For data contaminated with noise, com- dure to extract only the significant ARMA model terms, and
puter simulations show that the new algorithm performs better  jicoarq the insignificant ones. We have recently developed

than the FOS algorithm for MA processes, and similarly to the . .
FOS algorithm for ARMA processes. However, the computational another approach to ARMA model parameter estimation based

time to obtain the parameter estimates with the new algorithm 0N the group method of data handling (GMDH) [10]. The main
is faster than with FOS. Application of the new algorithm to idea of the GMDH is to have the algorithm construct a model of
?hxaﬁetﬂrenﬁgﬁlgl o(?rti?ri]rr]r??sr?er;gb?leo%doftl)ct)gneiqud p{]ez?;rg’ ?Cztﬁ‘ Sl:‘r?W optimal complexity based only on the data; only the candidate
derstandable t?ansfer function relations bet?Nge)rq blogd prgssure terms that best approximate the 9"’?” ‘?'ata ar_e .retalned. The
and flow signals. GMDH has been shown to be effective in obtaining accurate
Index Terms—Affine geometry, ARMA model, AR model, arte- ARMA modell parameter estimat_es_ i_n cases with significant
rial blood pressure, blood flow, MA model, model-order selection, NOise contamination as well aspriori incorrect model-order
parameter estimation, renal autoregulation. selection. In some cases, the GMDH has been shown to
provide better parameter estimates than either the FOS or the
least-squares under the circumstances outlined in the previous
sentence. However, there exists a scenario in which both the
T IS a common practice in the biomedical field to fitFOS and the GMDH methods do not provide accurate ARMA
certain physiological systems with linear and nonlineanodel parameter estimates under noiseless conditionsawith
autoregressive (AR) moving average (MA) (ARMA) modelspriori incorrect model-order selection. This is the case when
For example, Abdel-Malelet al. [1] studied differences in both methods are based on a suboptimal search criterion. An
parameters obtained by the ARMA model in a manual-trackingptimal search criterion would search for the minimum error
experiment between patients with Parkinson’s disease an@ddtoss all possible subsets of ARMA model candidate functions
normal control group. The ARMA model’'s popularity canwithin the candidate function space.
be attributed to the relative ease with which the dynamics ofwe present a new algorithm for an optimal search criterion,
physiological systems can be unveiled, using either transtsised on the principle of affine geometry, which enables ac-
function analysis or impulse response functions (IRF) deurate parameter estimation despite incorrect model selection.
rived from an ARMA model. Of the formal order-estimationaffine geometry is a subset of Euclidean geometry. It mainly
methods, perhaps the most well known are the Akaike infageals with points, straight lines and incidence (when a point lies
mation criterion (AIC) and the final prediction error (FPE)on a line), therefore, affine geometry does not consider angles.
both introduced by Akaike [2], and the minimum descriptiorhe FOS algorithm is based on Euclidean geometry because or-
length (MDL) method of Rissanen [3]. The AIC and the FPEhogonality of candidate vectors are involved. Unlike the FOS,
the proposed algorithm, based on the concepts of affine geom-
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whereP and@ represent the maximum AR and MA model or-
ders, respectively. The tera(n) in (1) is considered a noise
source or prediction-error term. The parametgf9 andb(j)
represent to-be-estimated coefficients of the AR and MA terms,
respectively. The candidate vectors are the following: —
1), ..., y(n — P)andz(n), ..., z(n — Q). These candidate
vectors can be arranged as the matrix shown in (2) at the bottom
of the page, wheréy is the total number of data points. For a
nonlinear ARMA model, the above matrix can be expanded to
include products between the input and output itself as well as
cross products between the input and output terms. The first step
toward achieving linear independence among candidate vectors
is to selecty(n — 1) as the first candidate vector. The next can-
X didate vectorz(n), and the first candidate vectgfn — 1) are
then used to determine linear independence [e.g.y{ise- 1)
Fig. 1. Orthogonal projection finds the closest point to P in the span of thg fit x(n) using the least squares method and calculate the
basis vectors. . :
error between:(n) and the estimated vector]. With a perfectly
. - ) . clean signal, linear independence will always be obtained. In the
to the most widely utilized !ea_st—squares algorithm with AIC %ase of correlated noise contamination (error value will not be
the model-order search criteria. zero), some preset threshold can be set so that if the error value
is smaller than the preset threshold, then the veetas), for
example, can be selected as an independent candidate vector.
The key difference between the OPS and the FOS algorithfar the simulation examples to be considered in Section IIl, we
is that, unlike the FOS, the OPS is based on a nonorthogonaed a very small preset threshold value (e.g., threshold value
search for model candidate terms. One notable disadvantag8.001) because it is often difficult to determiagriori what
of FOS'’s using an orthogonal search can be seen by the fiilat value should be to obtain correct results, especially with
lowing simple example. A vector P is in the space constructedperimental data. Once it has been determinedzthal is a
by vectors X and Y as shown in Fig. 1. If the angle formetinear independent candidate vector, the vecigfs— 1) and
by ZOP is smaller than angles YOP and XOP, then the vectofn) are used to estimate the candidacy of the linear indepen-
Z will be chosen even though the vector Z is not in the spadence ofy(n — 2) using the approach just outlined. This pro-
constructed by the vector X and Y. In other words, orthogoneédure is continued until all the linearly independent vectors
projection finds the closest point to P in the span of the basise selected to form a new candidate vector pool. et
vectors, regardless of whether or not the vector belongs to g, w1, we, ..., wr] whereR is the number of selected lin-
constructed space. Note that this scenario will produce an ereatly independent vectors.
neous parameter estimate with the FOS when an incorrect modélvith the new candidate pool of linearly independent vectors,
order is chosea priori. With the OPS, because it is based on keast-squares analysis is performed
nonorthogonal search, this type of scenario will not occur. Note
that if the base vectors are all perpendicular to each other, then y(n) =65 ¢ +e(n) 3)
there is no difference between orthogonal and nonorthogonal
search methods. where
The first step in the OPS algorithm is to select only the lin-
early independent vectors from the pool of candidate vectors.
To examine how linearly independent vectors are selected, CON4), g
sider an ARMA process of the form

Il. METHODS

0y = [90. 91, ... gr]"- 4)

is the coefficient estimate of the ARMA model. The
objective is to minimize the equation errefn ), in the least-

r Q squares sense using the criterion function defined as follows:
(n) =) a(iyln—i)+ )  b(G)x(n—j)+e(n) (1)
o= 2 e 2 et T(8) = [y(m) — 67 )% ©
y(0)  =(1)  y(=1) z0) - yl-P) 2(1-Q)
y1 =22 y(0) (1) - y2-p) 2(2-Q)
. . . . ... . . (2)
yin—1) z(n) yr-2) x(n-1) - yh-P) z(n-Q)

YN =1) =(N) y(N=2) a(N-1) - y(N—-P) a(N-0Q)
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Fig. 2. Model-order determination via the projection distance of the candidate terms (noiseless case).

The criterion function in (5) is quadratic #,, and can be min- well as five cross AR and MA [e.gx(n — 1)y(n — 1)] model
imized analytically with respect t4,, yielding the following orders were chosen for both the OPS and FOS. The Achilles’

well-known equation: heel of ARMA models is to determire priori accurate model
R . orders without knowing the true model order of the system.
6, = [dx/)T] dy(n). (6) The model order search for the FOS was obtained by using

the automatic model order search criteria as described in [5]
With the obtained coefficients, calculate eveny, w2, |, and re- and [6]. Succinctly, the automatic model order search criteria
arrange thew,,, in descending order. Note that the overbar repf the FOS retains only those candidate terms that reduce the
resents the time average. At this step of the algorithm we neediean-square-error values by a significant amount in conjunc-
choose the number of candidate vectars,, necessary for ob- tion with a statistical 95% interval criterion. The FOS algo-
taining proper accuracy. The approach we have taken is to retaiim has been shown to be accurate for various linear and non-
only thew,, that reduce the error value significantly. If we obtinear ARMA models [5], [6], [8], and often superior to the
serve either negligible decrease or increase in the error valueléyst-squares approach with the AIC for the model order selec-
adding an additionab,,, then thosew,,, are dropped from the tion process.

model. Once only those,, that reduce the error value signif-

icantly (only those candidate terms whose projection distange MA Model With Additive Noise and Incorrect Model-Order
value is greatest) are obtained, the linear and nonlinear ARMgelection

model terms are estimated using the least-squares method. Thig, . yne first simulation example, consider the following linear

step is discussed further in Section Il (see Figs. 2 and 3). MA model with Gaussian white noise (GWN) as the inpt),
so that the outputy(n), contains 1000 data points

lll. SIMULATION RESULTS

In this section we demonstrate the effectiveness of the de- () =0.342(n) — 0.232(n — 1) + 0.52(n — 2)
veloped algorithm for estimating parameters of linear and non- +0.752(n — 3) — 0.152(n — 4) — 0.4a(n — 5)

linear MA and ARMA models. We compare the performance ' ' '

of the OPS to that of the FOS method. For all simulation ex- +0.35z(n — 6) — 0.2x(n — 7). ()
amples involving linear processes (AR and MA) to follow, we

have selected an incorrect model order of ten AR and ten MAe have purposely selected an incorrect model order of
terms [ARMA (10,10)] for both the OPS and FOS. For nonlineakRMA(10,10) for both methods despite the fact that the above
models, ten AR, ten MA, and five second-order AR and MA asquation does not contain any AR model terms. To subject



LU et al: NEW ALGORITHM FOR LINEAR AND NONLINEAR ARMA MODEL PARAMETER ESTIMATION USING AFFINE GEOMETRY 1119

0.7 T T T T T T T T T T

0.6 x(n-3) -

Projection on the candidates

x(n-2) x(n-5)

1 2 3 4 5 6 7 8 9 10
Candidate Terms

Fig. 3. Model-order determination via the projection distance of the candidate terms=£SNRIB).

COMPARISON OF THEOPSAND FOS WTH ADD;I'I:)IB:/BELEOIISE AND AN INCORRECTMODEL-ORDER SELECTION
Model 'Lerms z(n) z(n—-1) =x(n-2) z(n-3) z(n—-4) z(n-95 z(n-6) z(n-7 z(n-8) yn-1)
True Value 0.34 -0.23 0.5 0.75 -0.15 -0.4 0.35 -0.20 0.00 -0.00
OPS (Clean Data) 0.34 -0.23 0.5 0.75 -0.15 -0.4 0.35 -0.20 0.00 0.00
FOS (Clean Data) 0.34 0.0 0.36 1.06 0.32 -0.49 0.10 0.00 -0.12 -0.62
OPS (10 dB Noise) 0.3¢ -0.22 0.51 0.76 -0.13 -0.42 0.35 -0.20 0.00 0.00
FOS (10 dB Noise) 0.34 -0.18 0.48 0.83 0.00 -0.44 0.30 -0.15 0.00 -0.13
OPS (0 dB Noise)  0.34 -0.}21 0.54 0.77 0.00 -0.45 0.36 -0.24 0.00 0.00
FOS (0 dB Noise)  0.33 -0.21 0.54 0.77 0.00 -0.46 0.37 -0.12 0.00 0.00

the algorithms to a more daunting task, we have used additihe greatest for the teraxn — 3) and the lowest for(n — 4)

noise so that signal-to-noise ratios (SNRs) of 10 and 0 dB wesieice they have the biggest and smallest coefficient values
obtained for the above MA process. Comparison of the resutsmiong the model candidate terms. Thus, without any noise
based on the two methods for the case of noiseless data vaitimtamination, due to removal of linearly dependent candidate
an incorrect model order selection, and the cases with noteems, the OPS is able to obtain the correct coefficient and
added (10 and 0 dB) and an incorrect model order selection, avedel candidate terms. The model-order search for the FOS
shown in Table I. With a clean signal, the OPS obtained trueas estimated using the automatic model-order search criteria
model terms and coefficients despite the exaggerated incorrastescribed above and in [5] and [6]. With this search, however,
model order selection. The model order-selection process tbe FOS completely missed two model term$n — 1) and

the OPS is shown in Fig. 2. The ordinate value represent& — 7). Concomitantly, the FOS incorrectly picked up two
the projection distance of the candidate terms. Note that thdditional terms:(n — 8) andy(n — 1). With a clean signal,
projection distance value is zero after the tetfm — 4) has the mean-square-errors (MSEs) are 0.0069 for the FOS and
been determined. In addition, the projection distance valueG€0 for the OPS.
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When the signal was corrupted with 10-dB noise, the ORid nonlinear ARMA (5,5) was incorrectly selected to deter-
correctly identified only the true model terms but with a smathine the effectiveness of both approaches [the correct model is
deviation of the coefficients from the true coefficients, as eMA (9) and nonlinear MA (3). With incorrect selection of linear
pected. The MSE is found to be quite small (9.21e-004). Thad nonlinear ARMA model orders, the number of parameters
model order was determined with the aid of Fig. 3. Due to atb be determined are 21 linear ARMA terms, and 57 nonlinear
ditive noise, the termg(n — 2) andy(n — 6) erroneously have ARMA model terms, for a total of 78 terms to be searched. This
small projection distance values. In addition, the projection dis a daunting task for any algorithms, as (8) contained only 11
tance is quite negligible compared to the rest of the candidabt®del terms, but we are subjecting the FOS and OPS to a su-
terms. Thus, only the first eight candidate terms were usedgerfluous model-order search concomitant with excessive noise
estimate the candidate coefficients. The FOS fared poorly conorruption in the data signal. The results of additive and dy-
pared to the OPS, as it incorrectly identified additional termsamic noise for the OPS and FOS are shown in Table Il. As in
that are not part of the true model. In addition, the identifiethe previous examples, with a clean signal, the OPS is again able
coefficients deviated from the true coefficients, resulting in #® obtain accurate parameter estimates associated with only the
slightly higher MSE (0.0060) value than for the OPS. With intrue model terms. This result is impressive in itself, since we are
creased noise level (SNR of 0 dB), as expected,the performanc¢aware of any other algorithm that is able consistently to pro-
of both FOS and OPS deteriorated further. Both methods misseéde accurate parameter estimates despite incorrect model-order
thez(n — 4) term. It is interesting to note that in many simuselection even in the case of a clean signal. The FOS, however, is
lations, including the present example, the FOS appears tortm able to obtain correct parameter estimates and has obtained
more robust with noise corrupted signals than with clean signailscorrect model termsfn — 1), y(n — 2), andy(n — 5)] and
For example, the MSE value is slightly lower with 10-dB noisenissed some of the true model terms:} — 7), z(n — 8) and
(MSE = 0.006) than with the clean signal (MSE 0.0069). xz(n — 9)]. With additive noise, either SNR 10 or 0 dB, the
In addition, with noise added, the FOS obtained more corrddPS is accurate in providing only the true model terms but the
model terms than without noise added. FOS missed a model term{n—8), only for SNR= 10 dB] and

it inaccurately introduced an additional terp{f — 2)]. More-
B. Nonlinear MA Model With Separate Additive or Dynamic over, the estimated coefficients with the OPS are closer to the

Noise and Incorrect Model-Order Selection true model coefficients than are those obtained with the FOS.
The next simulation example consists of an arbitrarily chosdi€ MSE for the OPS are 0.0044 and 0.0442 for SN0 and
nonlinear MA difference equation of the form 0 dB, respectively. The MSE for the FOS are 0.035 and 0.1038

for SNR= 10 and 0 dB, respectively. It is clear that despite sig-
nificant noise in the data, and grossly incorrect model-order se-

y(n) =0.23z(n) + 0.4z(n — 1) + 0.6 lection, both methods perform rather nicely. However, it is clear

n—2)

(
+0.54x(n — 3) + 0.28x(n — 4) + 0.8z(n — 5) that the OPS outperformed the FOS. The MSE values are ap-
— 0.76z(n — 6) + 0.35z(n — 7) — 0.23z(n — 8) proximately three- to ten fold less than those obtained via the
+0.225(n — 9) — 0.65z(n — 1)z(n — 3). (8) FOS.

With dynamic noise, the result is the same as with additive
ise; the OPS is more accurate than the FOS. The FOS is un-
le to identify the termx(n — 9), and incorrectly introduced
y(n — 2) term. The OPS, although the coefficients associated
with the true model coefficients deviate somewhat, is accurate
z(n) = y(n) + e(n) ®) in only producing coefficients related to the true model terms.
The MSE also favors the OPS; the MSE values are 0.013 for the
and the other in which the output of (8) is disturbed by dynam@®@PS and 0.056 for the FOS.
noise, which causes (8) to take the form

We consider two separate cases of noise corruption, in whig
the output of (8) is contaminated by additive GWN of the forni

C. The Effect of Incorrect Model-Order Selection and Additive
y(n) =0.23x(n) + 0.4x(n—1) + 0.6z(n—2) + 0.54x(n—3) Noise on a ARMA Model

+0.282(n—4) + 0.82(n—5) — 0.762:(n—06) The next simulation example considers the following linear
4 0.352(n—T7) — 0.23z(n—8) + 0.22¢(n—9) ARMA model with GWN as the inputg(n), so that the output,

, contains 1000 data points
—0.65z(n—1)z(n—3) + e(n—1). (10) y(n) p

Note that additive noise [see (9)] is statically added after ) = 0:35y(n=1) + 052y(n=2) + 0.1y(n—3) ~0.54x(n)

clean output signal has been generated. For dynamic noise, the ~ +0-34z(n—1) +0.23z(n—2) + 0.21z(n—3). (11)
GWN sourceg(n), is fed back to the output so that the current

and future output values are dependent on the past states offthe objective is, based on only the measured input signal,
input and noise signals. Therefore, the outputs described by £9)), and the output signal(»), to estimate the parameters of
and (10) have different values. The SNR for additive noise wise above equation as accurately as possible. Although the true
obtained for two different levels, 10 and 0 dB. For the dynamisRMA model order for the above process is three output lags
noise, the SNR was 3.5 dB. A model order of ARMA (10,10and three input lags, we purposely selected an incorrect model
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TABLE I
COMPARISON OF THEOPSAND FOS WTH ADDITIVE AND DYNAMIC NOISEWITH AN INCORRECTMODEL-ORDER SELECTION

ModelTerms x(n)  x(n-1)  x(n-2) x(n-3) x(n-4) x(n-5) x(n-6) x(n-7) x(n-8) x(n-9) x(n-1)x(n-3) y(n-1}) y(n-2) y(n-5)

TrueValue 0.23 0.40 0.60 0.54 0.28 0.80 -0.76 0.35 -0.23 0.22 -0.65 0.0 0.0 0.0
CleanData
OPS 0.23 0.40 0.60 0.54 0.28 0.80 -0.76 0.35 -0.23 0.22 -0.65 0.0 0.0 0.0
FOS 0.22 0.42 0.61 0.54 0.22 0.72 -0.73 0.00 0.00 0.00 -0.64 -0.14 0.22 0.06

AdditiveNoise

OPS(10dB) 0.23 0.41 0.62 0.55 0.30 0.78 -0.75 0.35 -0.27 0.25 -0.65 0.00 0.00 0.00
FOS(10dB) 0.23 0.40 0.59 0.49 0.20 0.69 -0.80 0.22 0.00 0.19 -0.65 0.00 0.17 0.00
OPS(0dB) 0.22 0.43 0.66 0.58 0.35 0.72 -0.74 0.35 -0.37 0.30 -0.65 0.00 0.00 0.00
FOS(0dB) 0.00 0.43 0.65 0.57 0.32 0.70 -0.76 0.31 -0.34 0.28 -0.65 0.00 0.05 0.00

DynamicNoise

OPS(3.5dB) 0.18 0.45 0.66 0.54 0.29 0.79 -0.79 0.35 -0.26 0.17 -0.66 0.00 0.00 0.00
FOS(3.5dB) 0.18 0.45 0.65 0.52 0.29 0.79 -0.81 0.31 -0.22 0.00 -0.66 0.00 0.04 0.00
TABLE Il

COMPARISON OF THEOPSAND FOS WTH AN INCORRECTMODEL-ORDER SELECTION AND TWO DIFFERENT LEVELS OF NOISE
CONTAMINATION FOR AN ARMA M ODEL

Model Terms yin—1) y(n—-2) yn-3) yn-4) z(n) z(n-1) z(n—-2) z(n-3) z(n-4) z(n-25)
True Value -0.35  0.32 0.10 0.00 -0.54  0.34 0.23 0.21 0.00 0.00
OPS (Clean Data) -0.35 0.32 0.10 0.00 -0.54  0.34 0.23 0.21 0.00 0.00
FOS (Clean Data) -0.24 0.00 0.00 0.11 054 0.40 0.00 0.34 0.03 0.06
OPS (10 dB) 0.00 0.18 0.00 0.00 -0.54  0.54 -0.04 0.26 -0.10 0.08
FOS (10 dB) -0.13 0.12 0.00 0.09 0.55 047 0.00 0.28 0.00 0.04
OPS (0 dB) 0.00 0.09 0.00 0.00 055 0.56 -0.10 0.28 0.14 0.12
FOS (0 dB) 0.00 0.09 0.00 0.00 056  0.57 0.10 0.28 -0.15 0.12
order of ten output lagéy(n — 1), ..., y(n — 10)) and ten to the MSE value is not always a good measure, since the MSE

input lags(z(n), z(n — 1), ..., z(n — 10)) for both methods. of 4.17e—005 obtained with the FOS is a very small error. Note
The efficacy of the ARMA model relies on the algorithm’sthat for chaotic systems modeling, even small differences in the
ability to find the true model order, despite an incorr@gtriori  obtained coefficients would result in an exponentially divergent
model-order selection. Comparison of the results based on thenge in the output value. As detailed in Section I, the FOS,
two methods is shown in Table 1ll. The OPS algorithm obtaindakecause it relies on a suboptimal model-order search, is not
the correct model terms and coefficients but the FOS did natiways able to obtain correct model terms and coefficients
not only did the FOS miss three true model term&[— 2), when it is subjected to an incorrect model-order selection even
y(n—3) andz(n — 2)], but the coefficients obtained for the truefor a clean signal. This has been demonstrated in this and the
model terms deviated from the exact coefficients of the modekevious examples.

In addition, the FOS incorrectly provided three additional When (11) was corrupted by additive noise levels of 10 and
model termsy(n —4), x(n —4) andxz(n —5). The MSE of the 0 dB, the OPS and the FOS provided comparable results. The
OPS and the FOS are 0.0 and 4.17e-005, respectively. Thisifaulations with additive noise were made further challenging
an example which indicates that the goodness of fit accordingth ana priori incorrect selection of ten output and ten input
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TABLE IV
COMPARISON OF THEOPSAND FOS WTH AN INCORRECTMODEL-ORDER SELECTION AND TWO DIFFERENT LEVELS OF NOISE CONTAMINATION
FOR A NONLINEAR ARMA M ODEL

Model Terms x(m)  x(n-1)  x(n-2) x(n-3) x(n-4) x(n-5) y(n-1) y(02) x(n-1)?  y(n-2)?  x(o-lyn1l) y0-2y(n-3) y(n-2)y(n-6)
True Value 0.8 -0.23 0.00 0.50 0.00 0.00 0.32 0.30 -0.20 0.12 -0.18 0.00 0.00
OPS (Clean Data) 0.8 -0.23 0.00 0.50 0.00 0.00 0.32 0.30 -0.20 0.12 -0.18 0.00 0.00
FOS (Clean Data) 0.79 -0.14 0.00 0.51 0.00 0.00 0.25 0.32 -0.31 -0.06 0.14 0.00 0.00
OPS (10 dB) 0.81 0.00 0.00 0.59 0.18 0.00 0.00 0.30 -0.23 0.04 -0.16 0.04 0.00
FOS (10 dB) 0.82 -0.16  0.00 0.51 000  0.00 027 02  -0.23 0.09 -0.14 0.00 0.00
OPS (0 dB) 0.84 0.00 0.12 0.60 0.22 0.11 0.00 0.10 -0.36 0.00 0.00 0.03 0.00
FOS (0 dB) 0.85 0.00 0.00 0.54 0.13 0.00 0.12 0.16 -0.29 0.00 -0.08 0.00 0.05

lags. The advantage of the OPS observed with only the incorréct Application of the OPS to Experimental Data

model-order selection (no noise added) disappeared with the iny,, this section. we demonstrate the use of the OPS in ana-
Froduchon of additive noise as evidenced by Ta_ble M. HOWGV%zing experimentally obtained renal blood pressure and flow
in terms of MSE values, the OPS performed slightly better tha, “The aim is not to elucidate the physiological mechanisms
did the FOS. The MSE values .for the OPS for 10 and 0 d@olved in renal autoregulatory processes, but to examine if
were 0.08 and 0.74, respectively; for the FOS, the correspondifid ops can provide similar impulse response functions (IRF)

values were 0.09 and 0.88, respectively. to those published and if those IRF's are at all physiologically
meaningful [11], [12].

D. Nonlinear ARMA (NARMA) Model With Incorrect 1) Data Acquisition and Experimental Procedurghe data

Model-Order Selection and Additive Noise analyzed in this investigation were obtained from a previously

published study [11]. Experimental methods are described in
As an arbitrary example of a NARMA model, the followingdetail in [11] and will be briefly summarized. The experimental
1000 data point difference equation was generated data were collected from normotensive Sprague—Dawley rats
using broadband perturbations of the arterial pressure (input)
and measuring the resulting renal blood flow (output). Briefly,
y(n) =0.8z(n) — 0.23x(n — 1) + 0.52(n — 3) operating under halothane anesthesia, the aorta inferior to the
+0.32y(n — 1) +0.3y(n — 2) — 0.22(n — 1)? renal arteries was cannulated with blood-filled tubing connected
+0.12y(n — 2)2 — 0.18z(n — L)y(n— 1). (12) to a bellows pump which in turn was driven by a computer-
controlled motor. Blood pressure was measured in the superior
mesenteric artery with a standard pressure amplifier, and renal
The input,z(n) terms, was generated using GWN. To comblood flow was measured in the left renal artery with an electro-
pletely test the features of the general NARMA model, (12) iitnagnetic flow probe. The input signal was chosen to be a con-
cluded self-nonlinear input and output terms as well as the crosgant-switching-pace symmetric random signal (CSRS) that ex-
nonlinear term. The model order for the two methods comparbibited the spectral properties of bandlimited white noise [12].
was selected to be AR 10, MA = 10, quadratic MA= 5, A unique seed was used for the random number generator in
guadratic AR= 5 and cross nonlinear model order betweeeach experiment.
the input and output 5 (total number of parameters searched Each of the experimental data records used for analysis was
was 78). Table IV shows the results of the estimated coeff56 s long, with a sampling rate of two samples per second
cients obtained by the two methods for clean data and with tyyquist frequency of 1 Hz), after digital low-pass filtering to
levels of additive noise. For the clean signal, as was the cas@id aliasing. Each data record, containing 512 data points, was
with the three previous simulation examples, the OPS providedbjected to second-degree polynomial trend removal (which
the correct terms and coefficients despite incorrect model-ordecluded demeaning) and was normalized to unit variance.
selection; the FOS, however, shows the ill-effects of incorrectFig. 4 shows averaged impulse response functions (based on
model-order selection as evidenced by all of the coefficients deur recordings) computed from the ARMA coefficients ob-
viating from the true coefficients. When the output of (12) watained from analysis of the OPS [Fig. 4(a)] and from the FOS
corrupted by either 10 or 0 dB, the FOS provided comparahbigethod [Fig. 4(b)]. For both the OPS and FOS, the model order
coefficient estimates to that of the OPS. However, in terms of ARMA (10,10) was used, which was selected based on our
MSE, both methods provided similar error values of 0.4% fgrevious work [13]. The dotted lines in the figure represent the
10 dB and 2% for O dB. standard deviation bounds of the sample mean. We observe that
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Fig. 4. Averaged impulse response functions of renal blood flow and pressure data obtained via ARMA model for (a) the OPS and (b) the FOS.

the estimated impulse response wave forms are rather consisedel-order selection. The FOS, one of the most accurate algo-
tent for both methods and are similar to those published [11thms available, is also able to extract correct parameters under
[13]. However, the impulse response function obtained via tisgnilar circumstances but its ability to obtain correct parameters
OPS exhibits smoother waveforms and smaller standard ddeic all noiseless data is not complete. Well-known model-order
ation bounds than does its counterpart obtained from the F@8arch criteria such as AIC and MDL also do not always provide
To compare the performance of the two methods quantitativejgcurate parameter estimates for noiseless signals. The OPS, un-
model predictions based on the linear ARMA model were corfike the FOS, does not orthogonalize model terms, resulting in
puted for both methods. The average MSE obtained for the tdapter computational time. Due to the fact that the OPS achieves
datasets for the OPS and the FOS are 3.8% and 4.7%, resfiBgar independence among candidate vectors, it is able to ob-
tively. As in the simulation examples presented in this papéﬁ'” correct parameters despaeoriori incorrect model-order

better model prediction is obtained with the OPS than with tti¢!€ction for noiseless signals. In other words, the OPS is an op-
FOS method. timal search method, thus, it is able to obtain correct model pa-

It should be pointed out that the computational time for bofigmeters for noiseless signals. To date, we are not aware of any

methods is quite fast. The FOS uses a modified Cholesky @aher algorithm that is able to achieve this kind of remarkable
" : : . i result. For the case of noise contaminated linear and nonlinear
composition to achieve orthogonality rather than inverting t

i L A models, the OPS provides performance superior to that of
matrix to solye for the Iea§t-squares estimation, consequen e FOS, as evidenced by the simulation examples considered in
t_he clor.nput_at:(onal sP?ﬁdh's grg]éamﬁed. H?}Wﬁveé’cgge COMpYige paper. For noise-contaminated linear and nonlinear ARMA
tional time s faster W'F the o t an with the since thﬁ‘odels, both the OPS and FOS provide similar excellent results.
orthogonal procedure is not utilized with the OPS. For all of thg, 5 yjition, application of the OPS to experimental data indi-
simulations considered in this paper, the OPS was faster thafles the feasibility of the method in obtaining physiologically
the FOS, based on code using Matlab software for both methogd aningful transfer function relationships between renal pres-
All of the simulation examples shown toekl min each to com- ¢re and flow data.
pute on an Intel Pentium 500-MHz processor.
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